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A theoretical study of the e – h ground transition in self-assembled InAs/GaAs quantum dots under hydrostatic pressure P is performed. The quantum dots have lens shape geometry of maximum height b and circular cross section or radius a with b < a. In the framework of the envelope-function approximation the
electronic states are evaluated as a function of the finite wall potentials, hydrostatic pressure and different
lens geometry b/a. It is assumed that the increase of P keep constant the geometrical lens ratio b/a. The
pressure dependence of all parameters entering into the description of the e – h transition have been taken
into account. The results obtained taking the finite barrier are compared with the infinite model. It is
shown that the variation of the e – h ground transition can be modelled using the simple infinite hard wall
model with an effective dot radius as a fitting parameter.
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Introduction

Recent experimental studies of low-temperature photoluminescence in InAs self-assembled quantum
dots (SAQDs) embedded in GaAs matrix have been performed under hydrostatic pressures P up to
70 kbar [1–4]. Reference [5] has been devoted to a theoretical study of the photoluminescence peak
energies as a function of the hydrostatic pressure in SAQDs modelled by a parabolic cylinder-shaped.
Nevertheless, the experimental shape and dimensions of the InAs SAQDs are not always well determined and a degree of freedom remains. It is well known that different shapes yield different results, as
shown in Ref. [6] when comparing the electronic properties between a cylindrical and a lens shape
SAQD. Therefore, it is important to study theoretically the influence of the hydrostatic pressure on a
SAQD when the shape is characterized by a full lens symmetry with maximum height b and circular
cross section of radius a with b < a. This is the purpose of the present work.
Previous theoretical studies in a lens shape [7–9] considered infinite wall potential. Nevertheless, the
variation of the band offset is a fundamental parameter when considering the variation of the hydrostatic
pressure. Then, it is necessary to extend the model to one which includes a finite barrier potential. This
work is also advanced in this case. The results are compared with the case when infinite barrier is considered and the results show that it is possible to use the simple infinite hard wall model introducing an
effective dot radius as a fitting parameter.
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2 Effect of the pressure
2.1 Finite barrier model
The eigenvalue problem of the Schrödinger equation in a 3D lens shape with infinite barriers in the effective mass approximation has been solved elsewhere [7]. In our case, the problem for a finite barrier
will be modelled including a lens-shape well potential with height V0 in a hard-walls semi-spherical
region has shown in Fig. 1. The semi-spherical region is divided in two regions, Dout with potential V0
and region Din where is zero. The distance ∆ between the contour C1 and C2 should be large enough to
guarantee that the obtained eigenvalue corresponds to finite barrier case. On the other hand, in first approximation, we will consider the same effective mass in both regions Din and Dout. Hence, we have the
equation:
-

2
2 m*

— 2Ψ + V (r , θ )Ψ = EΨ ,

(r , θ , φ ) Œ D = Din + Dout ,

(1)

where the potential V (r , θ ) is zero in Din and V0 in Dout. The solution of Eq. (1) is seek in the form of an
expansion
Ψ ( a ,b ) = Â CiΨ i(0) ,

(2)

i

and the set of functions {Ψ i(0) } are a complete set of functions in the semi-sphere (see Ref. [7]). We implemented a diagonalization procedure to obtain the electron and hole ground states. With the former
expansion the functions Ψ ( a ,b ) satisfy the boundary condition of infinite barrier in the contour C1 because
the set of functions {Ψ (0) } does. It can also be shown that the matching conditions at the contour C2 are
also satisfied, but only at those points where it is well-defined the derivative of the wavefunction. This
does not occur at the corner and, generally speaking, the problem is then not well-defined. The obtained
eigenvalues constitute only an estimation of the real problem but we accept this solution as the better
one. Full details of the present model will be discussed in a future paper.
2.2 Effect of the hydrostatic pressure on the parameters
When considering the effect of the pressure on the energy levels, the three main factors to be considered
are the change in volume, the change in the band offset of the lens-well and the change in the value of
the effective masses.
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Fig. 1 Finite lens-well Din with barrier height V0 and contour C2 inside an infinite semispherical-well
with contour C1. Contours C1 and C2 are separated by a distance equal or greater than ∆ along the perpendicular axis.
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The hydrostatic pressure effect on the geometric dimension of the InAs quantum lens is obtained from
the fractional change in volume:
δ V/V = -3P( S11 + 2S12 ) ,

(3)

where S11 = 1.946 ¥ 10-3 kbar -1 and S12 = -6.855 ¥ 10 -4 kbar -1 are the compliance constants [5]. In our
case it is kept constant the b/a ratio and the variation of the volume only means a variation of the radio a.
The gap energy Eg for low temperature, pressure dependent at the Γ-point is [5]
Eg ( P, T ) = Eg(0) + α P +

κT2
,
T +c

(4)

where Eg(0) is the gap energy at T = 0 , P = 0 and α is the pressure coefficient [5]. The parameters used
are shown in Table 1 and the symbol * in Eg(0) (InAs) means that it is already taken into account the tension of the InAs material in the GaAs matrix. The band offset of the strained InAs/GaAs quantum lens
where taken, for the conduction (valence) band, as 54% (46%) of the total band difference [5]. The temperature considered is T = 20 K. The variation of the effective masses was evaluated in terms of the fundamental gaps according to the Kane model [10–12]. The following variations are obtained:
(i) electrons:

2
E + δ
m0
Ê P02 ˆ g 3
=1+ 2 Á ˜
,
Ë m0 ¯ Eg ( Eg + δ )
me

(5)

(ii) light holes:
È
m0
4 Ê P02 ˆ ˘
= - Í1 Á ˜˙ ,
mlh
Î 3Eg Ë m0 ¯ ˚

(6)

(iii) heavy holes:
m0
= γ 1 - 2γ 2 ,
mhh

(7)

where Eg is the gap energy given by (4), γ 1 and γ 2 are the Luttinger parameters and δ is the spin–orbit
splitting. Parameter P0 is the interband momentum matrix element between conduction and valence
bands [12]. The values used are shown in Table 1. Taking into account these expressions, the valence
effective mass will be calculated taking the effective reduced mass according to:
1
1Ê 1
1 ˆ
= Á
+
.
Ë
mv 2 mhh mlh ˜¯

(8)

Table 1 Values of the parameters used in the calculation of the ground energy level for the InAs/GaAs
quantum lens under pressure.

E (0)
g
(eV)
InAs 0.533*
GaAs 1.519
a

α
(meV/kbar)

κ
(eV/K)

c
(K)

γ1

7.7
10.8

2.76 × 10–4
5.405 × 10–4

83
204

20.4a 8.37a
6.85b 2.1b

γ2

δ
(meV)

2( P02 /m0 )
(eV)

380a
341b

19a
12.9c

Ref. [13], b Ref. [14], c Ref. [15]
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2.3 Results
In Fig. 2 it is reported the variation with the pressure of the transition energy between electron and hole
ground states for four samples of InAs/GaAs. In the left panels it is fixed the value of b/a = 0.91 and we
have used a = 9 nm and a = 15 nm while in the right panels is it fixed the ratio b/a = 0.51 and it is used
the same radius. The straight line is obtained considering finite barrier while the dashed line represents
the transition energy considering the infinite barrier model with the same configuration. In all the calculations we used ∆/R = 0.3 and a 500 ¥ 500 matrix in the diagonalization procedure.
In all cases the transition energy increases with pressure P and the values obtained considering infinite barrier are higher with respect to the finite barrier model, as could be expected. In the case where
b/a = 0.51 and a = 9 nm the infinite barrier model gives values of the transition energy higher than the
band-off set for P < 40 kbar and they are not shown. Only for P > 40 kbar this model gives appropriate
results for this lens configuration. This occurs because when P increases the combined effects over the
volume, effective masses and band offset produce a decreasing of the ground electronic and hole levels.
The increasing monotonic behavior shown in Fig. 2 is produced by the increases of the InAs energy gap.
On the other hand, each panel shows in dotted line the calculation with the infinite barrier model keeping the ratio b/a and using and effective radius aeff as a fitting parameter at P = 0 . It can be seen that it is
possible to estimate the values obtained by the finite barrier model with this procedure for small values of
P while the estimation error increases with pressure. This behavior is expected because when a and b are
such that the electron and hole states have values close to the barrier height, the infinite barrier model are
less suitable to describe the system. Nevertheless in case of soft deformations (b/a ∼ 1) and large values of
radius a, the electron and hole energies are close to the bottom of the lens-well and the fitting is very robust for all values of P . This situation can be seen for the configuration given by b/a = 0.91 and a = 15 nm.
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Fig. 2 Transition energy as a function of the pressure between the electron and hole ground states for different lens
configurations. In left panels we have b/a = 0.91 with a = 9 nm and a = 15 nm while in right panels we have
b/a = 0.51 and same radius. Straight lines are obtained considering finite barrier, dashed lines with infinite barrier
and dotted lines represent the result with infinite barrier using an effective radius aeff as a fitting parameter.
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3 Conclusions
In the present work it has been generalized the results of Refs. [7] and [8] to evaluate electronic energies
in SAQDs with lens shape geometry taking into account the finite band offset. The present model was
used to study the effect of the hydrostatic pressure on the energy transition between electron and hole
ground states. The obtained results remark the importance of the hydrostatic pressure over optical properties in SAQDs with lens symmetry.

Acknowledgement C. A. Duque would like to thank the Colombian COLCIENCIAS Agency and CODI-Universidad de Antioquia, for partial financial support. This work has been partially supported by the Excellence Center for
Novel Materials – ECNM, under Colciencias contract No. 043-2005. A. H. Rodríguez would like to thank the hospitality of the Institute of Physics at the University of Antioquia, where this work was partially done.

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

I. E. Itskevich et al., Appl. Phys. Lett. 70, 505 (1997).
I. E. Itskevich et al., Phys. Rev. B 58, R4250 (1998).
I. E. Itskevich et al., Phys. Rev. B 60, R2185 (1999).
B. S. Ma et al., J. Appl. Phys. 95, 933 (2004).
C. A. Duque et al., J. Phys.: Condens. Matter 18, 1877 (2006).
A. H. Rodríguez and L. Meza-Montes, phys. stat. sol. (b) 243, 1276 (2006).
A. H. Rodríguez, C. R. Handy, and C. Trallero-Giner, J. Phys.: Condens. Matter 15, 8465 (2003).
A. H. Rodríguez and C. Trallero-Giner, J. Appl. Phys. 95, 6192 (2004).
A. H. Rodríguez, C. Trallero-Giner, M. Muñoz, and M. C. Tamargo, Phys. Rev. B 72, 045304 (2005).
E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957).
M. Lindner et al., J. Phys.: Condens. Matter 4, 6401 (1992).
C. Trallero-Giner, K. Kunc, and K. Syassen, Phys. Rev. B 73, 205202 (2006).
Landolt-Börnstein, New Series, Group III, Vol. 37a, edited by O. Madelung (Springer-Verlag, Berlin, 1982).
V. López-Richard, G. E. Marques, C. Trallero-Giner, and J. Drake, Phys. Rev. B 58, 16136 (1998).
C. Trallero-Giner, A. Alexandrou, and M. Cardona, Phys. Rev. B 38, 10744 (1998).

© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.pss-b.com

